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Nonassociative generalization of supersymmetry is suggested. 3- and 4-point associators for su¬ 
persymmetric generators are considered. On the basis of zero Jacobiators for three supersymmetric 
generators, we have obtained the simplest form of 3-point associators. The connection between 
3- and 4-point associators is considered. On the basis of this connection, 4-point associators are 
obtained. The Jacobiators for the product of four supersymmetric generators are calculated. We 
discuss the possible physical meaning of numerical coefficients presented on the right-hand sides of 
associators. The possible connection between supersymmetry, hidden variables, and nonassociativity 
is discussed. 
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I. INTRODUCTION 

Supersymmetry is a well-defined mathematical theory that probably has the application in physics: it is a branch of 
particle physics that, using a proposed type of spacetime symmetry, relates two basic classes of elementary particles - 
bosons and fermions. In the standard approach supersymmetric generators are associative and anticommutative. 
Here we want to consider a nonassociative generalization of supersymmetry. We offer some 3-point associators for 
supersymmetric generators Qa and Qa- Using some relation between 3- and 4-point associators, we obtain some 
limitations on the possible form of 4-point associators. On the basis of these limitations, we offer 4-point associators 
for supersymmetric generators. 

Nonassociative structures appear in: (a) quantum chromodyuamics [I|; (b) Maxwell and Dirac equations Si; 
(c) string theory i; (d) nonassociative quantum mechanics i 0- For other ways of introducing nonassociative 
structures into physics, see the monographs 0,0. 

Here we would like to introduce nonassociative structures into supersymmetry and to discuss the physical conse¬ 
quences of such a procedure. 


II. THE SIMPLEST 3-POINT ASSOCIATORS 

Recall the definition of associator 

[A, B, C] = {AB) C-A (BC ), (1) 

where A, B, C are nonassociative quantities. Now we want to demonstrate that it is possible to introduce the gener¬ 
alization of supersymmetry other than that given in Refs. 0[i3- Let us define the following 3-point associators: 


[^a: Qb-) Qc\ 

— CXlQa^bc ^2Qb^ac “t“ O^^Qc^ab^ 

(2) 

[^0,5 Qb-) Qc\ 

— PlQd^bcf 

(3) 

[Qai Qi)') Qc\ 

— P2Q}y^aci 

(4) 

[Qa: Qb: Qc\ 

— /^sQc^afa: 

(5) 

\_Qa-, Qf)-) Qc\ 


(6) 

[Qd: Qbf Qc\ 

— '~i2Qb^dc-i 

(7) 

[Qd: Qc\ 


(8) 

\_Qdi Qfo: Qc\ 

= 5lQd%c ^2Qif^dc + 

(9) 


Electronic address: v.dzhunushaliev@gmaiLcom 



where 


2 


^ab ~ — 


^ab _ ^db _ 


0 1 
-1 0 

0 -1 
1 0 


( 10 ) 

( 11 ) 


The dotted indices are lowered and raised by using e 


^db 


db^ ' 


and the undotted - by eab, e' 


ab 


In order to introduce some limitations on the nonassociative algebra, we want to calculate the Jacobiator 
J {x, y, z) = [[a;, y],z] + [[y, z],x] + [[z, x],y] = [x, y, z] + [y, z, x] + [z, x, y] -[x,z,y]-[y, x, z] - [z, y, x], 
where x,y,z are either Qa,a or their product. Let us calculate Jacobiators 

J {Qa^Qb^Qc) — 2 (cri OL2 ~\~ 0 ^ 3 ) Qa^bci 
JiQa,Qb,Qc) = 2 (/3i — ,02 +/^a) QaCbc, 


b^caj 


J{Qa,Qb,Qc) — 2 (/3i —/32 +/Sa) Q 
■JiQa,Qb,Qc) = ‘2 {/3l — P 2 + Pa) Qc^ab, 


a-'^bc' 


JiQa,Qi,,Qc) = 2 (71 -72+73) Q 

^{,Qa^ Qbj Qc) — 2 (71 72 Ts) Qb^cat 

J{Qai Qi)j Qc) — 2 (71 72 T la) Qc^bb^ 

J{Qa,Qb,Qc) = 2 {61 — 62 + S 3 ) Qa€b^- 

To have zero Jacobiators, we have to have the following equations for the parameters a, /3, 7 , J: 

ai - 02 + aa = /3i - /32 + /Js = 7i - 72 + 73 = ^1 - ^2 + ^3 = 0. 

Thus, we see that perhaps the most natural and the simplest choice of the parameters a, /3, 7 , <5 is 

02 = /32 = 72 = ^2 = 0, 

|ai| = bsl = \Pi\ = \Pa\ = I71I = I73I = |< 5 i| = l^al = 

to 


( 12 ) 


(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 


( 21 ) 

( 22 ) 

(23) 


where the factor h/£o is introduced for equalizing the dimensionality of the left-hand sides and right-hand sides of 
equations @-(0); 4 is some characteristic length. Thus 


ai = -eta = -^Ci) 
to 

Pi = —Pa = 7“C2) 
to 

71 = -73 = ^C 3 , 

J. = -a, = Ac4, 


where 


Cl,2,3,4 — 


either ±1 
or ±i 


(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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Thus we have the following 3-point associators 


[Qa? Q^? Qc] 

— n Cb {Qa^^bc Qc^ab) , 

to 

(30) 

[Qa? Qb-! Qc] 

[Qa? Q5? Qc] 

= '^C^QdCbc, 
to 

= 0, 

(31) 

(32) 

[Qa? Qb? Qc] 

~ ■ 7 “C 2 ( 5 c£ab, 

to 

(33) 

[Qa? Q5? Qc] 


(34) 

[Qa? Qb? Qc] 

= 0, 

(35) 

[Qa? Q5? Qc] 

to 

(36) 

[Qa? Q5? Qc] 

= J^Ca (Qd^hc ~ Qc^cib) ■ 

(37) 


III. 4-POINT ASSOCIATORS 

First, we want to consider the connection between 3- and 4-point associators. For example, the 4-point associator 
\QxQy:Qz^Qw] is 

[Q xQyi Qzi Qw ] = HQxQy) Qz) - (QxQy) (QzQ^) , (38) 

where x, y, z, w are any combinations of dotted and undotted indices. The last term on the right-hand side of equation 
(1551) is (QxQy) iQzQw) and it cannot be obtained by multiplying of any 3-point associator from the left-hand sides 
of (I11)-(IS1) neither by Qa nor Qa- Nevertheless, there is the relation between the 3- and 4-point associators: 

[Q xQy-i Qz^ Qw ]-[Q X-! QyQz-i Qw ] + [Q xi Qy-) QzQw ] = \Qx,Qy:Qz]Q w Qx [Qy 5 Qz-iQw ] . (39) 

A. 4-point associators without dots 

Let us assume the following 4-point associators 

[QaQb: Qci Qd] Pl.lQaQb^cd 4“ P2^lQaQc^bd 4“ Ps^lQaQd^bc 4- PA.lQbQc^ad 4- Pb,lQbQd^ac 4- Pq^iQ cQd^abi (^0) 
[(5a; QbQc: Qd] — Pl,lQaQb^cd 4- y2.lQaQc^bd 4- y3,lQaQd^bc 4- P4,lQbQc^ad 4- Pb,lQbQd^ac 4- PQ^lQcQd^ab^ (^^) 
[(5aj Qb^ QcQd\ — b'l iQo^QyCcd 4- b*2,lQaQc^bd 4- b^3,lQaQd^bc 4- ^A^lQbQc^ad 4- iQyQ^iCac 4- cQd^ab- (42) 

Then the relation (1551) gives us the following relations between 3- and 4-point nonassociative structure constants 


Pi ,1 — Ml ,1 4-1^1,1 = ai, (43) 

P 2 ,l — M 2 ,l 4- 1^2,1 = 0!2, (44) 

P3.1 - M3,1 4-1^3.1 = 01-1-03, (45) 

P4.1 - M4,1 4-1^4.1 = 0, (46) 

Ms ,1 ~ Ms ,1 4- 1 ^ 5,1 = 02 , (47) 

M 6 ,i ~ M 6 ,i 4-r'e,! = 03 . (48) 

Perhaps the simplest limitations on the nonassociative structure constants Mqi, Mqi, ^qi ^re as follows: 

M2,i = P5,i, M2 ,1 = M51, ^^2,1 = 1 ^ 5 . 1 ; (49) 

M3,i = Pi,i 4-P6,i, M3,i = Mi,i 4-M6,i, ^^3,1 = i^i,i 4-t'6,i; (50) 

P4,1 - M4,1 4-J^4,1 = 0. (51) 
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Then the following solution of equations (|4^ - (|5T|) that is compatible with (|2^ and (l24l) can be found: 


Pi,i — ~P&,i — ^1,1 — 

Z to 

= 0,* = 1,2,... 6 , (53) 

P2,l = P3.1 = P4.1 = P5,l = V2,l = 1^3,1 = ^'4,1 = V^,l = 0. (54) 

Finally, 4-point associators are 

[QaQb: Qc: Qd\ — 77 y~Cl {QaQb^cd QcQd^ab') 5 (^^) 

Z to 

[Qa,QbQc,Qd] = 0 , (56) 

[Qa; Qbj QcQd] — o {QaQb^cd QcQd^ab) • 

Z to 

One can immediately check that the Jacobiator 

J(QaQ 6 ,Qc,Qd) = 0. (58) 


B. 4-point associators with one dot 

In this section we consider 4-point associators with one dot moving from the left on the right side of associator. 

1. 1-st case 

We seek 4-point associators with one dot as follows: 

[QdQb^ Qc: Qd] — Pl,2^cdQdQb 4“ P2,2^bdQaQc 4“ P3,2^bcQdQd 4- 

/^4,2 {QbQc^ •^dd') 4- P5,2 {QbQd: ^ca) 4“ P6,2 {QcQdj d^bd) y (^^) 

QbQcy Qd\ — Pl,2^cdQdQb 4“ p2,2^bdQdQc 4- PS^2^bcQdQd 4- 

M4,2 i^QhQcy^dd) 4- /t5,2 i^QbQdy •^cd') 4- pe>^2 if^cQdyt^bd) ; (^0) 

[Qdj Qby QcQd] — b'\ 2^cdQdQb 4- b^2.2^bdQdQc 4- b^3^2^bcQdQd 4- 

^4,2 (^QbQcy ^dd) 4 - i^5,2 {QbQdy ^cd) 4 - i^6,2 i^QcQdy t^bd) • (^^) 

2. 2-nd case 

We seek 4-point associators with one dot as follows: 


\QaQ}j^Qc-,Qd\ - 

~ Pl,3^cdQaQij 

P2,3 (^QaQcf 

^db) + 

P3,3 (^QaQd-iX^j^ 

.) + 




P4:,3^adQ i)Q c 

Pd,3^acQifQd “1“ P6,3 

{QcQd^ ^ab) ’ 


(62) 

[Qay 

Qi)Qc^ Qd\ - 

~ Pl,3^cdQaQ jj 

, “ 1 “ P2,3 (^QaQc-, 

' ^db) + 

p3,3 {QaQd^^f. 

b) + 




P4:,3^adQ ijQ c 

P3,3^acQijQd “ 1 “ 

i (^QcQd-; ^ab) ’ 


(63) 

[Qay 

Q 57 QcQd\ - 

~ ^l,3^cdQaQif 

^2,3 (^QaQc-i 

^db) + 

^3,3 i^QaQd', 

) + 




^4^3^adQ i,Q c 

^5,3^acQjjQc 

1 4- t'e.s 

{QcQd, ^ab) ■ 


(64) 
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3. 3-rd case 

We seek 4-point associators with one dot as follows: 

\QaQb: Qc-; Q(i\ — Pi,4 {QaQb: ^dc') P2,4:^hdQaQc P3,4 {QaQd: ^bc'} 

Pi,A^adQbQc 4“ P5,4 {QbQd: ^ac') 4“ PQ^Az^abQcQd: 

QbQc: Qd\ — Pi,4 {QaQbj d^dd) 4“ p2^A^bdQaQc 4" P3,4 {QaQd^ ^bc^ 4“ 

PA^A^adQbQc 4 “ P5,4 {QbQd: ^ac) 4 “ PQ^A^abQcQdj ( 66 ) 

Qb: QcQd\ — ^ 1,4 (^QaQb: ^dc) 4 “ b^2^A^bdQaQc 4 “ 1 ^ 3,4 {QaQdi ^bc) 4 “ 
b'A^A^adQbQc 4 “ 1 ^ 5,4 {QbQd^d^ac) 4 “ b'Q 4.CabQcQd- 

4- 4-ih case 

We seek 4-point associators with one dot as follows: 


[Qo 

.Qhi 

= Pl,5 

(^QaQb-i 

^cd) 

+ 

/^2,5 (QaQcj ■ 

^bci) P3,5^bcQaQfi H" 




P4,5 

{^QbQc; 

^ad) 


Pb^b^acQbQ ^ 

“1“ P6,5^abQcQdj 

(68) 

[Qa, 

QbQct Q(j} 

= pl,5 

{QaQbf 

^cd) 

+ 

M2,5 (QaQc; 

^bd) p3,5^bcQaQd 




P4,5 

{QbQcf 

^ad) 

+ 

Pb^b^acQbQ 

1 PQ,5^abQcQdi 

(69) 

[Qa, 

Qfe; QcQfj] 

= 1^1,5 

(^QaQb-! 

^cd) 


^2,5 (QaQcj • 

^bd) + ^3,5^bcQaQd + 




J^4,5 

(^QbQc-j 

^ad) 



“1“ ^6,3^abQcQd' 

(70) 


5. Final form of the associators. Jacobiators 

Taking into account the relation (1551) (as in Section UlI Al) . we obtain the following 4-point associators with one dot 


\QdQb^ Qc^ Qd] 

1 h 

— '^~^Cl^cdQdQb 

Z to 

0 M6,2 {p^bd-i QcQd) 1 

Z to 

(71) 

[Qd; QbQci Qd\ 

= 0, 

Tiir{pbdi QcQd) ) 

^ to 

(72) 

[Qd? Qb-i QcQd\ 

— '^~^Cl^cdQdQb 
z to 

(73) 

l^QaQjyi Qci Qd\ 

~ 7i~^Cl^cdQaQi, 

Z to 

2 ^^6,3 QcQd) , 

(74) 

\_Qa^ QlyQct Qd\ 

= 0, 


(75) 

\_Qai Qj)-, QcQd\ 

ih 

— Ti'^Q^cdQaQl) ~ 

Z to 

2 ^^6,3 (a^ai)) QcQd) , 

(76) 

\_QaQb') Qc') Qd\ 

~ 77 ■^Cl^a.bQcQd H" 

Z to 

77Ml,4 (^dc) QaQb) 7 

Z to 

(77) 

[^5o; QbQc: Qd\ 

= 0, 

77"^Ml,4 (^dc, QaQb) , 

Z to 

(78) 

[Qa? Qb'i QcQd\ 

1 h 

— '^'^C^^cibQcQd 

Z to 

(79) 

[QaQb^ Qci Qd\ 


2 ^^ 4,5 (a^cd) QaQb) , 

(80) 

\Qa-) QbQc: Qd\ 

= 0, 

(81) 

[Qai Qb-i QcQd\ 


2 (a^cd’ QaQb) ■ 

(82) 


C 2 = -Cl) (83) 


Considering the relation (1551) . we have found that 
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and we set 


One can check that the Jacobiators are 


if 


|P6,2 


= P6,3 = Pi,4 = P4,5 = 1- 

(84) 

J (QdQb, Qc, Qd) = 0 

(85) 

j (QaQi,, Qc, Qd) = 0 

(86) 

J (QaQb, Qc, Qd) = 0 

(87) 

J (QaQb, Qc, Q7) = 0 

(88) 


Pi,4 

= P6,2, 

(89) 

P4,5 

= P6,3- 

(90) 


C. 4-point associators with two dots 

In this section we consider the case with two dots and with the different locations. 


1. 1-st case 

We seek 4-point associators with two dots as follows: 

“ Pl,6QdQjj^cd P2,6 (^QdQcj Udb^ P3,6 {QdQdj 

P4S (Qj^Qc, Vda) + Pd,6 {QjyQd^ ^cd) + P6,6QcQd^ab P^,^^(cd,db) P^^^^[cb,dd) ’ 

~ Pl^dQdQl^^cd H“ M2,6 {QdQc'y^l^') H“ M3,6 (QdQdjMcb) 

M4,6 {Qi^QciVda) H“ Ms,6 (Q^Qdi^cd) H“ Pd^dQcQd^ab (^cd,db^ (^cb,da}j'> 

~ ^l,dQdQt)^cd H“ ^2,6 {^QdQct Udb) ^3,6 (^QdQd'j Ucb) 

^4,6 (^Q^Qc^ydd) H“ ^^5,6 (^Ql^Qdi Vcd) H“ ^6,6QcQd^al) H“ ^7,6-^^cd,db) 

(94) 

^-nc/ case 

We seek 4-point associators with two dots as follows: 

[QdQb-} Qc-! Qd] — Pi, 7 {QdQb'j ^dc) 4“ P2,7QdQc^bd 4“ P3,7 {QdQd: ^fcc) 4“ 

M4,7 (QfcQc, ^dd) + Pd,7QbQd^dc + Pd,7 {QcQdi Xbd) + P7,7^(bd,dc) + PS,7^{bc,dd) ^ (95) 

[^di QbQcj Qd\ — Ml, 7 {QdQbj ^dc) 4“ P2,7QdQc^bd 4“ M3,7 (^d^dj ^bc) 4“ 

M4,7 ^dd) 4“ P5,7QbQd^dc 4“ M6,7 (^cQdj^bd) 4“ P7,7^{bd,dc) 4“ p8,7^{bc,dd,) j (96) 

[^di Qfci Qc^d] — 1^1,7 (Qd^fcj ^dc) 4“ ^2,7QdQc^bd 4“ 1^3,7 (QdQdi ^fcc) 4“ 

i^4,7 (QfcQc, ^dd) + 1^5,7QbQd^dc + i^6,7 {QcQdj Xbd) + ^7,7^{bd,dc) + ^8,7-^(5c,dd) ■ (97) 


[QdQ^; Qc 5 Qd] 
[Q di QbQ cj Qd] 
[Q dj Qfc? QcQd] 
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3. 3-rd case 

We seek 4-point associators with two dots as follows: 

l^QaQbTQciQd] ~ Pi,8 (QdQfci P2,8 “t” PZ.SiQaQd^bc 

P4,8 i,QbQc^^d} Pb,8 {QbQd^ ^cd) “t” P6,8 {QcQd^ Xbd) + (98) 

[^di QbQcj Q(i\ — Ml,8 (^QdQbj ^cd) M2,8 (^d^cj “1“ f^3,sQdQd^bc H“ 

M4,8 (Q^Qc^dd) Ms,8 {QbQXcd) H“ M6,8 (QcQ^^i 3:^fcd) H“ M7,8-^(|5a,cd) M8,8-^(|5rf^cd) ’ (99) 

[^di Qb-} — 1^1,8 (^QdQbj ^cd) ^2,8 (^d^cj “1“ ^3,8QdQ^^bc 

^4,8 H“ ^^5,8 (QsQ^^j^cd) H“ ^^6,8 (^QcQXbd') H“ ^7,8-^J^5a cd) ^®’®'^(bd,cd) ’ 

4 . 4-^^ case 

We seek 4-point associators with two dots as follows: 

\QaQi)-} Q,c^ ^d] — Pi,9 ^dc) “1“ P2,9 (^a^ci P3,9C^^(5aQd H“ 

P4,9Cad^^Qc H“ P5,9 ^ac ) + P6,9 {QcQd, a^ah) + P7,9^{^ab,dc) + PS,9^(^ac,db) > (101) 

[Q a? Q^Qci ^d] — Ml,9 Xdc) H“ M2,9 (^a^ci P3,9^bc^^^^ 

f-^4^9^adQI jQ c “1“ Ms,9 *l'ac) H“ M6,9 (^c^dj ^as) + M7,9M('^^^^ -h M8,9M('^ . , (102) 

[^aj ^55 QcQd] — ^1,9 (QaQ^i *^dc) “1“ ^2,9 (QaQci ^3,9C^^QaQd H“ 

^4,9CadQ^Qc H“ 1^S,9 (Q^Qdi Xac ) + ^'6,9 (QcQdjX^i,) + ^T,^^{^ab,dc) + [ac,db)- (103) 

5. 5-th case 

We seek 4-point associators with two dots as follows: 

iQaQjjj Qcj Qd] ~ Pi,10 {QaQdi a^cd) P2,10Cj,jiQaQc + P3,10 {QaQd> ^cb) 

P4,10 (Qi,Qc, X^d) + Pb.lOf^acQijQd + P6,10 {QcQd^ Xg^j,) + P't,wM(^ab,cd) P^T^[ad,cb) > (104) 

[Qa, Qi)Qcj Qd] ~ pi,10 {QaQjji Xgd) 4~ p2,10^hdQaQc + p3,10 {QaQdi X^d) 4" 

p4,10 (QbQ'^’^ad) + PS.lOCacQhQrf + P6,10 (QcQd^^ab) P't,wM(^ab,cd) [ad,cb)^ ( 105 ) 

[Ca? Cfo, QcC(i] ~ 1^1,10 {QaQdi Xgd'} 4” ^2,10^dd^aQc 4- 1^3,10 {QaQd^ ^ch) 4” 

J^4,10 {QbQr^Xgd) 4- V5,10f^acQi,Qd 4" ^6,10 {QcQd^^ab) 4" ^7,10-^(a6,cd) 4" ^8,wM [ad,cb)- (106) 

P. 6-th case 

We seek 4-point associators with two dots as follows: 

[CaCd, Ccj C(i] ~ Pl,ll^gdf^aQb 4- P2,ll (^QaQcy X^d') 4“ P3 ,11 (QaQ(^j (l-Sc) “1“ 

P4,ll (QsQc5 H“ PS,11 (QfcQf^i^^ac) H“ P6,llCasQcQ(^ H“ P7,ll-^^ac,fcd) /^S41'^(ad,Sc) ’ 

[Q a? QsQcj Qd] — Ml,llCc^QaQfc H“ M2,11 (QaQcj X^^) /X3 ,11 (QaQ(^5 *^fcc) H“ 

M4,ll {QbQcf X^^) + Ms ,11 (QfcQf^i^^ac) H“ M6,llCasQcQf; H“ M7,ll-^^ac,bd) M8,ll-^(|ad,Sc) ’ 

[Qa? Qb-} QcQ(^] — l^l,llC^^QaQs H“ ^2,11 (QaQc? X^^) 1^3,11 (QaQf^j Xbc) 

1^4,11 {QbQc-} X^^) H“ ^^5,11 (QfcQf^i^^ac) H“ 1^6,llCafcQcQ(^ H“ ^7,ll-^^ac,Sd) ^^41'^(ad,Sc) ’ (109) 



7. Final form of the associators. Jacobiators 


Using the relation ([39|l for the connection between 3- and 4-point associators and the simplifications similar to those 
of used in section UlIAl we obtain 


[QdQifiQc^Qd] = ~J^C2QdQij^cdJ^P7,6^^cd,db) 

[Qd,Qi,Qc,Qd] = J^F7,6^(^cd,db) ^/^S, 6 -^(cb,cZd) ’ 

[Qd,Qi,,QcQd] = —J^C3QcQd^ab~^ J^^'^,Q^^(cd,db) ^’ 

[QdQb'! Qct Qd\ 77 "T"Pi,7 {QdQbf ^dc) H“ 77 "7“P6,7 {^bd^ QcQd) H“ "T" P7,7^(bd,dc) “1“ "7“P8,7-^(&c,c/d) ? 

Z iQ Z Zq Zq Zq 

[Qd-fQbQctQd] P'7,7^(bd,dc) P8,7^(bc,dd)i 

Zq Zq 

\Qd^ Qbt QcQd] — 77 ~7~PlJ {^QdQb^ ^dc^ 77 ~7~PZ>,7 iz^bd •> QcQd) H“ ~7~p7,7^{bd,dc) 'F ~7~p8,7^(bc,dd) 7 

z Zo Z Zq Zq Zq 

\QdQb^ Qc^Qfil — ~^pl,s {QdQb^ ^cd) "^C^QdQfi^bc H“ pA,8^^^QbQc H“ ■^P6,8 ^bd) H“ 

to to to to 

h ^ r 

Y^P'^^^^{hd,cd) + 

[Qd^QbQc^Qfil = “2 —p4^8eadQfcQc + M7,8-^(ba^ccl) ■*" ^8.S-^(fed,cd) ’ 

\_Qdi Qb^ QcQfi] — ■^Pl ,8 (^QdQb: ^cd) '^QlQdQ^^bc H“ PA:,8^^^QbQc P 6,8 ^bd) F 

Zq Zq Zq Zq 

[QaQiy^ Qct Qd\ — Pi,9 (QaQi,-) ^dc) H“ "^C^^bcQ^Q^ F~P^->^^<^<iQbQ^ ~o~P^^^ {QcQd,x^^) + 

to to to to 

h h 

Y^PT^^^{ab,d&) + Y/^'^^{ac,dby 

[Qa,Qi,Qc,Qd] = “2 —p4_9ead<3j,Qc + + ^Ms.gAfj'oc.db)’ 

[QaiQiji QcQd] = ~'^pi,9 {QaQjj, Xdc] + '^Cs^hcQaQd + 'T'P4:,9SadQi,Qc ~ ~jrP6,9 {QcQd, X^jj] + 

to to to to 

[QaQ{,, Qc, Qj] = ^Pi_io {QaQj,,X^7) + ^P6,10 (a^afc’ QcQd) + (^ab,dc) + [ac,db)^ 


h 


[Qa,Qi,Qc,Qj] — ^ A7,10-^(ah,cd) ”*" £ P^P0^(ad,cb) 


[Qa,Qi,,QcQj] — ^^Pl,W (QaQj,, X^T) ^^^6,10 QcQjj) + jty i>8,loAf(^Q 

[QaQf,, Qc, Qrf] = -T^Cse^rfQaQh + ^P7,ll^j'^(ac,bd) + 7^P8.11^(ad.f,c)> 

[l3a,Qb(3c,(3d] = 7^Ai7.11^(ac.hd) + 7^^8.1lA^(ad.bc)- 

[(5a, Qbj QcQjj] = ~J~C2£abQcQdP~ 


( 110 ) 

( 111 ) 

( 112 ) 

(113) 

(114) 

(115) 

(116) 

(117) 

(118) 

(119) 

( 120 ) 

( 121 ) 

( 122 ) 

(123) 

(124) 

(125) 

(126) 
(127) 
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where is either commutator or anticommutator, and with the limitations 


P7,6 — A?,6 + = 0, 

P8,6 — As,6 + ^8,6 = 0, 
P7,7 — A7,7 + V7,7 = 0, 
P8,7 — As,7 + 7^8,7 = 0, 
At,8 — A7,8 + 7^7,8 = 0, 

As,8 — As,8 + 7^8,8 = 0 , 
At,9 — P-7,9 + V7,9 = 0 , 
As,9 — As,9 + 1^8,9 = 0 , 
At,10 — At,10 + 7^7,10 = 0 , 
As ,10 ~ As ,10 + 7^8,10 = 0 , 
At,11 ~ At,11 + 7^7,11 = 0 , 
As ,11 ~ As ,11 + 7^8,11 = 0 . 


One can check that the Jacobiators are (here we 


consider the simplest case = M 


(^ab,cd^ 


0 ) 


J{QaQ^,Q Cj Qd) 
J{Q 

a 5 QbQ Cj Qd) 
J{Q ai Ql)j QcQd) 
J {,QaQhi Qci Qd) 

J{Qd, QbQci Qd) 

J {,Qd-) Qb-} QcQd^ 

J i^QdQb-) QcQ^ 
J{Q a 5 QbQ Cj Qd) 
J{Q 

d? Qbi QcQ^ 

J {QaQifi Qci Qd) 
J{Q ai QjjQci Qd) 
J{Q ai Qb, QcQd) 

J (QaQbjQcQ^) 

J{Q a-) QbQ Cl Qd) 

J{Q ai Qifj QcQ^ 
J (yQaQbi QcQ^ 
J{Q 

at QbQci Qd) 
J{Q ai Qbj QcQj)) 


D Cs^cd [Qd, Qj] „ CsCaf, [Qc, Qd] , 

to to 


f, C2tdd[Qd,Qc] r. Cstdc [Qd, Qd] 


r, C^^bd [Qd, Qc] “t“ „ Cstdc [Qd, Qd] , 

to to 

~7~C‘^^bd [Qd, Qc] "^Cstdc [Qd, Qd] 

to to 

^Cstad IQb^ Qc] , 


^ C^^bc [Qd, Q^;] 


/, C^^bc [Qd, Qd\ 

to 

'7~P,2^ad [Qf,, Qc] 

to 


a ^S^ad IQb^ Qc] , 

to 

irCs^bc [Qa, Qd] , 

to 


. Cztad [Qf,, Qc] 

to 


0 ^3^bc [Qa, Qd] 
to 


„ Cstoc [Qf,, Q(j] „ Csthd [Qo, Qc], 

to to 


„ C2tac [Qf,, Qj\ + 

to 


« Catfecf [Qa, Qc] , 

to 


„ C2eoc[Qb,Qd] „ Cathd [Qo, Qc], 

to to 

0 , 


^ C2tod [Qc, Q^;] 

0 , 


Cstcd [Qa, Qd] , 


(128) 

(129) 

(130) 

(131) 

(132) 

(133) 

(134) 

(135) 

(136) 

(137) 

(138) 

(139) 


(140) 

(141) 

(142) 

(143) 

(144) 

(145) 

(146) 

(147) 

(148) 

(149) 

(150) 

(151) 

(152) 

(153) 

(154) 

(155) 

(156) 

(157) 

(158) 
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P4,8 

— Ca, 

(159) 

Pi,9 

= C 2 , 

(160) 

{Qd,Qi} 

= {Qa,Qb} = 0- 

(161) 


D. 4-point associators with two dots 

This case is identical to subsection IIII Bl after replacing a a. 


IV. THE CONNECTION WITH SUPERSYMMETRY 

Now we want to pounce on supersymmetry. In this case the operators j, obey the following anticommutators 


{Qa,Qb} = {Qd,Qj =0, 

{QaTQa} = Q aQ a + Q dQ a = 


(162) 

(163) 


where the operator P can be a nonassociative generalization of standard accosiative operator —ihd^] the Pauli matrices 
^ad) defined in the standard way 


<d = 


^aa 

= 


1 0 
0 1 

1 0 
0 1 


0 1 
1 0 

0 1 
1 0 


0 -i 
i 0 

0 i 
-i 0 


1 0 

0 -1 

1 0 

0 -1 


with the orthogonality relations for the Pauli matrices 


^fi ^ad 




Let us note the following interesting relation which follows from (1301) 


{QaQb'jQb — r. ClQb^ab- 

«0 


(164) 

(165) 

(166) 

(167) 


Roughly speaking, one can say that this expression “destroys” sometimes = 0 property of Grassmann numbers. 
This results in distinctions between supersymmetries based on associative and nonassociative generators. But this 
difference will be (in the dimensionless form) of the order of Ipi/to, where £o is some characteristic length. For 
example, if io = (where A is the cosmological constant) then this difference will be ~ 10“^^°. 

V. SUPERSYMMETRY, HIDDEN VARIABLES, AND NONASSOCIATIVITY 


In this section we want to consider a possible connection between supersymmetry, hidden variables, and nonasso¬ 
ciativity. 


First of all we want to remind what is the hidden variables theory. In Wiki n| one can find the following definition 
of hidden variables theories ”... hidden variable theories were espoused by some physicists who argued that the state 
of a physical system, as formulated by quantum mechanics, does not give a complete description for the system; i.e., 
that quantum mechanics is ultimately incomplete, and that a complete theory would provide descriptive categories 
to account for all observable behavior and thus avoid any indeterminism. ... 

... In 1964, John Bell showed that if local hidden variables exist, certain experiments could be performed involving 
quantum entanglement where the result would satisfy a Bell inequality. ... 

Physicists such as Alain Aspect [l^ and Paul Kwiat [l^ have performed experiments that have found violations of 
these inequalities up to 242 standard deviations[14] (excellent scientihc certainty). This rules out local hidden variable 
theories. 

... Gerard’t Hooft [13, has disputed the validity of Bell’s theorem on the basis of the superdeterminism loophole 
and proposed some ideas to construct local deterministic models." 
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We want to pay attention to what we talked about the associative observables. That is natural for physical quantities 
in quantum mechanics. But in Ref. [T^ the possibility of consideration of nonassociative hidden variables is discussed. 
In this case these quantities are unobservable ones. 

Let us consider what happens in our case. We have supersymmetric decomposition of (probably generalized) 
momentum operator (11631) . The constituents Qa,a are unobservable according to the nonassociative properties (l30l) - 
(|^ and (|55l) - (|57)l . Following this way, we can say that we have unobservable nonassociative operators Qa,d that are 
similar to hidden variables. The main difference compared with the standard hidden variables is unobservability of 
the nonassociative hidden-like variables. 


VI. DISCUSSION AND CONCLUSIONS 

Thus we have considered a nonassociative generalization of supersymmetry. We have shown that: (a) one can choose 
such a form of 3-point associators that the corresponding Jacobiators are zero; (b) there is the relation between 3- 
and 4-point associators; (c) using these expressions, one can find 4-point associators. 

We have seen that in all definitions of associators there is the Planck constant and some characteristic length ig. 
The presence of the Planck constant permits us to make natural assumptions that these associators can be regarded 
as a nonassociative generalization of the Heisenberg uncertainty principle. In this case the characteristic length Iq 
will be a new fundamental constant, and the corrections arising in this case have the order of h/io. For example, if 
io ~ (where A is the cosmological constant) then the dimensionless corrections ~ i.e., are negligible. 

Instead of introducing a fundamental length £q, we can introduce a fundamental momentum Vo = h/io. Physical 
consequences of introducing new fundamental quantities £o or Vo (that are consequences of nonassociativity) are: 

• There appears a minimum momentum Vo- 

• There appears a maximum length £o- 

• The appearance of the maximum length £o leads to the fact that the curvature is bounded below: Rmin ~ l/£2. 

• The minimum momentum Vo and the maximum length £o are connected by the Heisenberg uncertainty principle: 
Vo£o - h. 

• The experimental manifestation of possible nonaccosiativity can arise only for a physical phenomenon when 
either the momentum p k-Vo ~ 10“®°kg • m • s“^ or on the scales I £o ~ A“^/^ « 10^®m (if the fundamental 
length £o ~ A“^/^). 

We have also discussed a possible interpretation of nonassociative supersymmetric generators Qa,a as hidden-like 
variables in quantum theory. The main idea here is that the nonassociativity leads to unobservability of these 
variables. 
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